Abstract: This paper proposes a method to construct the temporal Green's function from a scatterer to an array of transducers in a waveguide using freespace back propagation of the eigenvectors of the time-reversal operator (TRO). The monostatic Green's function is obtained as an eigenvector of the TRO which is known with an arbitrary phase; thus the impulse response cannot be obtained by a simple inverse Fourier transform. Assuming that the monochromatic fields obtained by the back propagation of the eigenvectors are in phase at the focal point, the phase correction is determined. Simulations and laboratory experiments are presented.
Introduction
Time reversal is a self-adaptive technique that provides a mean to focus in inhomogeneous media. It has been studied intensively these past few years in various fields in acoustics 1-6 as well as electromagnetism. [7] [8] [9] The DORT method (French acronym for decomposition of the time-reversal operator) is a time-reversal based technique that uses the singular value decomposition (SVD) of the multistatic data matrix (MDM) to detect, locate, and separate two or more targets in an unknown medium. The initial version of DORT is essentially a monochromatic method and the singular vectors of the MDM are the monochromatic invariants of the timereversal iterative process as demonstrated by Mordant et al. 10 Problems arise when time-domain signals, which we call temporal eigenvectors in the following, are needed (for ultrawide band imaging or telecommunication, for example). The principal difficulty comes from the fact that the singular vectors have an undetermined phase term; in other words, if V is a singular vector of the array response matrix K, then for any phase , e i V is also a singular vector. Thus, the vectors V p ͑͒ obtained by SVD and associated with the pth target are incoherent and the timedomain signals cannot be obtained by a simple inverse Fourier transform. This issue has been investigated in inhomogeneous media 11, 12 with the introduction of a space-frequency MDM to extract a coherent frequency vector. It was also studied in the cases of waveguides by assuming that the phase of the eigenvectors is a continuous function of the frequency and using the symmetry of the MDM. 10, 13 The continuity condition means this method is very sensitive to noise and requires extensive calculation with high frequency sampling rate; thus the method was not applied successfully in real scale experiments.
Here, a more robust and straightforward technique involving a free-space back propagation is proposed to reconstruct the impulse responses from the array to one of the scatterers. A simulation and a laboratory experiment illustrating this technique are presented.
Phase synchronization of the eigenvectors of TRO: Theory
For the DORT method, the SVD of the frequency-domain MDM is used to detect the number of isotropic point-like targets in the medium and to retrieve the Green function associated with each target. It was shown that the number of nonzero singular values (SVs) of the MDM provides the number of point-like targets and the corresponding singular vectors give the monochromatic Green function from the array to the targets associated. 10, 13, 14 Indeed at pulsation frequency , the singular vector u p is related to the Green's function G p connecting the array to the pth target's position r p by
where r p is the position of the pth target and ⌽ SVD is the frequency dependent phase that comes from the SVD. Once the singular vectors are extracted, the position of the targets is found by construction of the pressure field p in the probed space at pulsation frequency with the formula
where G ͑r , ͒ is the computed Green's function at position r and the dagger superscript denotes transpose conjugation. In a waveguide, an accurate computing the Green's function requires an extensive knowledge of the guide parameters that is rarely achieved in real scale experiments.
As a consequence, we propose to use a free-space model to compute the Green's function. In this model, the image obtained by back propagation of the singular vector associated with one target in the waveguide shows several focal spots, as described by the well known method of images. 15 In this theory, the Green's function is decomposed into the free-space Green's function of the real source plus a sum of contributions from virtual sources that are the images of the real source symmetrically positioned about the interfaces. Thus the pth Green's function from the target to the transducer i can be written as
where r i is the position of the ith transducer of the array, r n is the position of the nth image of the source and sign n is the sign of the nth image. Using Eqs. (1) and (3), Eq. (2) yields
If the second term of the expansion is small, i.e., the sum of the scalar products between the free-space Green's function of the real source and the images is small, the phase at the focal spot gives ⌽ SVD ͑͒. As the distance between the real source and the nth image grows with n, this condition is equivalent to an absence of overlap between the focal spots of the two first images and the focal spot of the direct path. Using the focal point of the real source is more robust than using one of the images' as the isophases at this point can be considered as planes in the small angle approximation. Thus, if the choice of location of the focal spot is not accurate enough, the error made is minimized. Once ⌽ SVD ͑͒ is extracted from the numerical back propagation, the phase of the singular vectors is corrected and the time-domain eigenvector of the TRO is obtained by a simple inverse Fourier transform. This correction corresponds to a synchronization of the eigenvectors (SVP, for "synchronisation des vecteurs propres" in French) for all frequen-cies. The temporal eigenvector is then back propagated in the real waveguide to ensure temporal focusing of the emitted signal at the target. We focus here on the reconstruction of time-domain invariants of the TRO for shallow water undersea acoustics, but this technique can be extended to various waveguide configurations. In Secs. 3 and 4, we present a broadband simulation made with RAM code 16 and experimental results from an ultrasound laboratory experiment. The simulation will provide quantification of the error made by using the phase of the back propagation in free space to estimate the phase ⌽ SVD ͑͒ in Eq. (4) in order to synchronize the singular vectors.
Simulation
The simulation configuration is a Pekeris waveguide composed of a d = 30 mm water layer above a Plexiglas-like medium. A target is placed at 400 mm distance and 12 mm depth. These parameters and the bandwidth (2.5-4.2 MHz) are chosen to match the experimental setup presented in Sec. 4. The temporal eigenvectors obtained before and after phase correction are displayed on Figs. 1(a) and 1(b) . The first signal obtained by direct inverse Fourier transform is highly incoherent whereas the signal obtained from the eigenvector after phase compensation shows perfect coherence. To compare this last signal with the computed Green's function, Fig.  1(c) shows the frequency dependent phase of the Green's function from the target to the 19th transducer, the corresponding phase of the SVP eigenvector and their difference (continuous line). This figure shows that in this configuration, the error made by neglecting the phase of the second term in Eq. (4) is small enough ͑Ͻ /12͒ to construct a near perfect temporal Green's function. Moreover, to confirm the phase coherence of the SVP eigenvector, it was back propagated in the simulated waveguide at each frequency. The phase of the resulting field at focal point is plotted on Fig. 1(d) and compared to the estimated ⌽ SVD ͑͒ which is the phase of p͑r p , ͒ in Eq. (4). The error is again lower than / 12, which confirms that the second term in Eq. (4) only slightly modifies the SVP phase estimate.
Experiment description and results
In this section, results from an ultrasound water tank experiment are presented. Two wires considered as point-like targets are placed at a distance of 400 mm at 3 mm from each other. As mentioned before, the waveguide parameters are the same as in Sec. 3. The broadband impulse response matrix is recorded with a 64 transducer array of central frequency 3.5 MHz. The MDM is obtained at each frequency by time windowing and Fourier transform. On Fig. 2(a) , the SV of the MDM are plotted as a function of frequency. As is clearly seen, there are two distinct nonzero SV, each associated with one target. It is important to note that the reconstruction of the temporal singular vector assumes that the SV is associated with the same target in the whole bandwidth. This assertion is confirmed in Figs. 2(a) and 2(b) by plotting the focal spot at target distance as a function of frequency. Difficulties can arise if SV switching occurs, especially in the case of target resonances as presented by Philippe et al. 17 As predicted by the image theory, the focusing pattern is made of several focus spots for one target: one in the vertical extension corresponding to the guide and eight others outside the guide. The depth of the target in the guide is extracted from the directivity diagram in Fig. 2(b) and ⌽ SVD ͑͒ is obtained from the equivalent in phase of Fig. 2(b) . Figure 2(d) shows the phase of the pressure field as a function of frequency and vertical range in free space after correction of the eigenvector and back propagation in the model. As expected, the phase at the focal point is zero. More interesting is the fact that the phase remains negligible in a large area surrounding the focal spot. It means that a certain amount of error in the choice of the point taken as reference for the phase correction is acceptable in the SVP method. The time-domain signals obtained from the inverse Fourier transform of the corrected eigenvectors are presented in Fig. 3 . The signals are then back propa- gated in the real waveguide and the pressure field is measured with a hydrophone over the depth at distance 400 mm. The results are plotted in Fig. 4 . As for the simulated data set, the transmission of the two first corrected singular vectors in the guide focuses at each target with higher resolution than in free space [see Fig. 4(b) ]. In this case, the resolution is increased by a factor of 6 and the temporal eigenvectors show seven different significant paths. Moreover, and this is the foremost thing to see, Fig. 4(c) shows that the reconstruction of the temporal impulse response was effective as the 13 µs long emitted signal is compressed by the propagation in the medium into a signal matching the 1 µs long initial impulse.
Summary and discussion
This paper presents a simple method to compute the time-domain invariants of the time-reversal process in a waveguide from the DORT method. The SVP method is based on a monochromatic free-space imaging of the studied medium requiring little information compared to a much more complex model taking into account the waveguide properties. The free-space model allows for extraction of the frequency dependent phase added to the monochromatic singular vectors by the SVD. Once this phase is corrected, the time-domain invariants are built by a simple inverse Fourier transform of the set of monochromatic DORT singular vectors. This method is applied to simulation and laboratory data set, and emission of the time-domain signal obtained in the medium shows spatial and temporal focusing. The effectiveness of the SVP method on laboratory data with two targets shows how robust this simple method is. In this paper, emphasis was put on the underwater acoustics application of the method but it can be applied to any waveguide configuration provided a model allowing focalization of the direct path is available. Further investigations concerning the sensitivity of the method to environmental mismatch such as sound speed gradient are scheduled. 
